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Based on the exact dynamics of a two-qubit system and environment, we investigate system-environment
(SE) quantum and classical correlations. The coupling is chosen to represent a dephasing channel for one of
the qubits and the environment is a proper thermal bath. First we discuss the general issue of dilation for qubit
phase damping. Based on the usual thermal bath of harmonic oscillators, we derive criteria of separability and
entanglement between an initial X state and the environment. Applying these criteria to initial Werner states, we
find that entanglement between the system and environment is built up in time for temperatures below a certain
critical temperature Tcrit. On the other hand, the total state remains separable during those short times that
are relevant for decoherence and loss of entanglement in the two-qubit state. Close to Tcrit the SE correlations
oscillate between separable and entangled. Even though these oscillations are also observed in the entanglement
between the two qubits, no simple relation between the loss of entanglement in the two-qubit system and the
build-up of entanglement between the system and environment is found.
PACS numbers: 03.67.-a,03.67.Mn,03.65.Yz
I. INTRODUCTION
Quantum coherences and multipartite quantum correla-
tions are essential resources for quantum information process-
ing [1]. However, realistic carries of quantum information are
never isolated and have to be treated as open quantum sys-
tems [2, 3]. The possibility to control and manipulate quantum
information is limited by decoherence and dissipation, usu-
ally caused by the environment coupled to the central quan-
tum system. Thus, a thorough understanding of the dynam-
ics of entanglement in open systems [4–6] is of fundamen-
tal importance. Most investigations focus on the dynamics
of the reduced quantum system, tracing over the environmen-
tal degrees of freedom. Obviously, the build-up of system-
environment (SE) correlations can not be discussed on the re-
duced level.
Decoherence and loss of entanglement in an open quantum
system is due to the build-up of SE correlations. To properly
study such correlations, the environmental degrees of freedom
have to be taken into account, based on a model for system,
environment, and their interactions [7–11]. Some work has
been done in the context of total models for entangled qubit
systems and the appearance of correlations with the surround-
ing environments [12, 13]. There, the authors find that com-
plete loss (sudden death) of entanglement in the system can
manifest itself before, simultaneously, or even after the sud-
den birth of entanglement with the environment. More re-
cently, entanglement in reduced bipartitions has been studied
for systems coupled with pure environment initial states [14–
16].
It seems natural to assume that the loss of entanglement in
an open system is accompanied by the build-up of entangle-
ment with the environment. One may think of a transfer of
entanglement from the local to the total state. This is certainly
true for a pure total state. However, for a finite temperature
bath it is less obvious. For realistic finite temperature baths
it is a challenge to prove entanglement or separability for the
total sate.
It is an interesting question whether the SE correlations are
of quantum or of classical nature. In general it is hard to an-
swer this question for realistic environments. Therefore, to
fully understand the decoherence process, and to be able to
control the above mentioned resources, it is desirable to de-
scribe the detailed dynamics of SE quantum correlations. One
possibility is to extract, for example, information about the
SE correlations using monogamic relations for the main sys-
tem [17, 18]. A more complete description of the full dy-
namics, however, is obtained from the total state (system plus
environment) by using a coherent-basis and a partial represen-
tation of the total density operator [19, 20].
In addition, it is worth mentioning that SE quantum correla-
tions depend on a physically appropriate dilation of qubit de-
phasing, where for different environments we obtain the same
dephasing dynamics for the reduced system. In other words,
different total systems and SE correlations lead to the same
reduced dynamics. Therefore, in order to properly investigate
SE correlations, it is important to choose the appropriate dila-
tion for the total system.
Here we are interested in a detailed study of how SE corre-
lations build up when decoherence and loss of entanglement
occurs in the central system. For this we analyze the model
of two qubits, coupling one of them to an environment of de-
phasing nature. This is an extension of previous investiga-
tions [8, 9] where only one qubit was coupled to thermal baths
composed by harmonic oscillators. In fact, since it is an an-
alytically solvable model, we are able to construct conditions
for SE separability and entanglement, and to compare them
with the entanglement present in the two-qubit system.
This work is organized as follows. In Sec. II we discuss the
dilation of qubit dephasing for different environments. Sec-
tions III and IV present our model and give an exact expres-
sion for the total state of the system. Using this expression we
construct criteria for separability and entanglement between
the system and the environment. While some results for dis-
tinct initial Werner states and coupling strengths are presented
in Sec. V, Sec. VI discusses entanglement within many differ-
2ent bipartitions. We reserve Sec. VII for discussion and con-
clusions.
II. DILATING QUBIT DEPHASING
In order to study the build-up of SE correlations, we have to
specify a physical realization of the environment and the SE
interaction. More precisely, we here are not only interested
in general correlations but in SE entanglement. This section
serves as a simple introduction to clarify the relevance of the
choice of dilation when studying SE correlations, in particular
for mixed environmental initial states. In any case, we need to
determine the total SE state.
Locally, within the framework of completely positive (CP)
and trace preserving maps, single-qubit dephasing in the com-
putational basis is given by the quantum channel, [1]
ρ → ρ ′ = E [ρ ] = 1+
√p
2
ρ + 1−
√p
2
(σ3ρσ3), (1)
with the third Pauli matrix σ3, or, in matrix notation,
ρ =
(
ρ00 ρ01
ρ10 ρ11
)
→ ρ ′ =
(
ρ00
√pρ01√pρ10 ρ11
)
. (2)
Here, the real p with 0≤ p≤ 1 takes the role of the dephasing
parameter: p = 1 corresponds to no dephasing, while p = 0
describes the full loss of coherence. Often, p will be some
(decaying) function of time, depending on coupling strength
and, for a thermal bath, on the temperature of the environment
(see later).
Before discussing various dilations of the dephasing chan-
nel (1), it is worth noting that all unital single-qubit channels
(including dephasing) are of so-called random-unitary (RU)
type, i.e., they can be obtained from an ensemble of uni-
tary evolutions without invoking a quantum environment at
all [21]. It is only for two-qubit systems (and larger) that de-
phasing may be of true quantum nature [22, 23].
Thus, the local point of view (1) does not allow for any
conclusions about SE correlations. We need to specify the
underlying total dynamics (Utot) and the environmental initial
state (ρE). Then, the dilation,
ρ ′ = E [ρ ] = TrE
(
Utot(ρ⊗ρE)U†tot)
)
, (3)
allows us to study SE correlations. Clearly, depending on the
choice of dilation, different SE correlation scenarios are pos-
sible, as we will point out next.
For pure qubit dephasing studied here, without loss of gen-
erality the total unitary evolution can be written in the form
[24],
Utot = |0〉〈0|⊗ 1E+ |1〉〈1|⊗UE, (4)
with the two “open system” qubit states |0〉 and |1〉 and a uni-
tary evolution operator UE of the environment, conditioned on
the qubit state |1〉. Thus, any dilation of qubit dephasing is
fully determined by the initial state ρE and a unitary evolution
operator UE of the environment. As we will see, for the build-
up of SE entanglement, the purity of the environmental initial
state is of great relevance.
A. Pure environmental initial state: entangling dilation
Often, a pure environmental state ρE = |0E〉〈0E| is as-
sumed [14–16, 24]. Then, by construction, the total state dy-
namics is entirely determined from the two equations,
Utot|0〉|0E〉= |0〉|0E〉, (5)
Utot|1〉|0E〉= |1〉
(√
p |0E〉+
√
1− p |1E〉
)
,
where the relation,
UE|0E〉=√p |0E〉+
√
1− p |1E〉, (6)
defines p and the environmental state |1E〉 on the right-hand
side of the equation (we neglect a possible, yet irrelevant
phase here). Thus, for a pure environmental initial state |0E〉,
only one orthogonal environmental state |1E〉 [as defined in
(6)] is relevant and the true environment can be effectively
described by a single qubit, as in [14–16]. This single-qubit
environment dilation is thus defined by the two choices,
ρE = |0E〉〈0E|, (7)
UE =
√
p σ3 +
√
1− p σ1.
It is easy to show that the partial transpose of the corre-
sponding effective two-qubit SE state has a determinant of
det{ρPTtot }=−(1− p)2ρ00ρ11|ρ01|2. (8)
Using the Peres criterion [25] we conclude that starting from
a pure environmental initial state |0E〉, the effective SE two-
qubit state will be entangled for both, p < 1 and the initial
ρ01 6= 0, i.e., whenever some initial coherence is present and
dephasing actually happens.
B. Mixed environmental initial state: separable dilation
Such SE entanglement need not develop for a mixed envi-
ronmental initial state [8, 9]. To give a simple example, con-
sider again a single-qubit dilation of the dephasing channel
(1), now with
ρE =
1+√p
2
|0E〉〈0E|+
1−√p
2
|1E〉〈1E|, (9)
UE = σ3.
In contrast to the pure dilation (7), where the parameter p may
be interpreted as representing time, here p should be rather
interpreted as a measure for initial environmental temperature
(large p→ 1 corresponding to low T → 0 and vice versa) and
dynamics evolves for a fixed time. As with (7), it is easily
checked that (9) is a valid dilation of pure dephasing, leading
to the CP map (1) for the reduced state of the qubit. Now,
using (4), and in contrast to the previous dilation based on (7),
the total state is separable for all p,
ρtot =
1+√p
2
ρ⊗|0E〉〈0E|+
1−√p
2
(σ3ρσ3)⊗|1E〉〈1E|,
(10)
3i.e., no SE entanglement builds up.
We conclude from these considerations that in order to
study SE entanglement, it is crucial to choose a physically
appropriate dilation. Matters are considerably more involved
for a mixed environmental initial state: Even for dephasing
we can no longer expect to describe the environment by an
effective qubit. Indeed, the action of Utot [or rather UE in (4)]
is no longer restricted to a single initial environmental state
|0E〉. Thus, in general, the dynamically relevant environmen-
tal Hilbert space can no longer be spanned by just two states
as in (6).
In the following, we study a two-qubit system, coupled to
a proper environment consisting of an infinite number of de-
grees of freedom and initially in a thermal (mixed) state. As
the total state is neither a two-qubit nor a Gaussian state, the
detection of entanglement is a nontrivial issue and will be
based on the negativity of the partial transpose [25].
III. MODEL FOR SYSTEM AND ENVIRONMENT
We study an initially entangled two-qubit (qubits A and
B) state. One of the qubits (A) is coupled to its (local)
environment—representing a single-qubit dephasing channel
for qubit A. In Fig. 1, we can see a scheme of the underlying
model. The environment is chosen to be a bath of harmonic
oscillators, initially in a thermal state, a standard model for
open quantum system dynamics [26, 27]. As we aim at pure
dephasing, the Hamiltonian of the system and the system part
of the coupling of qubit A to its environment have to be diag-
onal in the chosen (computational) basis. Thus, for the total
Hamiltonian we write Htot = Hsys+Hint+Henv, with a system
Hamiltonian,
Hsys =
h¯ΩA
2
(σA3 ⊗1B)+
h¯ΩB
2
(1A⊗σB3 ), (11)
a (bosonic) bath of harmonic oscillators (labelled by λ and
creation and annihilation operators aλ ,a†λ with commutation
relations [aλ ,a†µ ] = δλ µ), Henv = ∑λ h¯ωλ a†λ aλ , and diagonal(with respect to the system) interaction between qubit A and
the environment of the form
Hint = (σA3 ⊗1B)⊗∑
λ
h¯(g∗λ a
†
λ + gλ aλ ). (12)
ΩA,B are the characteristic frequencies of the qubits and the
coefficients gλ are the coupling amplitudes between the qubit
A and each environmental mode of frequency ωλ . The full SE
Hamiltonian underlying our investigations represents a stan-
dard model of quantum dephasing of qubits and can be found
in numerous earlier works—see, for instance, [28–30].
We assume that the environment is initially in a thermal
state at temperature T , expressed by the canonical density op-
erator,
ρtherm =
1
Z
exp(−Henv/kBT ), (13)
with partition function Z = Tr[exp(−Henv/kBT )]. The
mean thermal occupation number is the usual n¯λ =
A B
E ρtot = ρABE
ρsys = ρAB
FIG. 1. Scheme of the proposed model. System of two qubits (AB)
with qubit A coupled to the environment (E).
(exp[h¯ωλ/kBT ]− 1)−1. The total initial state is the product,
ρtot(0) = ρsys(0)⊗ρtherm, (14)
with a (possibly entangled) initial two-qubit state ρsys(0).
In fact, in what follows, due to their analytical tractability,
we choose the so-called X states [31]. Thus, the two-qubit
initial state in the computational basis is given by the matrix,
ρsys(0) =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ∗23 ρ33 0
ρ∗14 0 0 ρ44

 , (15)
where ∑4i=1 ρii = 1. The family of X states includes pure Bell
states and the well-known Werner states [32]. Crucially, the
family of X states is closed under dephasing dynamics.
The chosen model allows us to derive an exact mas-
ter equation [8] for the reduced density operator ρsys(t) =
Trenv[ρtot(t)] which reads
ρ˙red =− iΩA2 [σ
A
3 ⊗1B,ρred]−
iΩB
2
[1A⊗σB3 ,ρred]
− γd ph(t)
2
(
ρred− (σA3 ⊗1B)ρred(σA3 ⊗1B)
)
. (16)
Equation (16) takes the form of a master equation of Lind-
blad type with, however, a time-dependent dephasing rate
γd ph(t) ≡ γ . Indeed, in terms of the environmental spec-
tral density J(ω) = ∑λ |gλ |2δ (ω −ωλ ), the dephasing rate
is given by
γd ph(t) = 4
∫ t
0
ds
∫
∞
0
dωJ(ω)coth
[
h¯ω
2kBT
]
cos[ωs]. (17)
Note that this rate may turn negative at times for nontrivial
spectral densities and therefore the CP map ρ(0)→ ρ(t) may
lose its divisibility, which is used as an indication for non-
Markovian quantum dynamics [9, 33, 34].
The solution of Eq. (16) with initial state (15) is the reduced
state,
ρred(t) =


ρ11 0 0 ρ14D+(t)
0 ρ22 ρ23D−(t) 0
0 ρ∗23D∗−(t) ρ33 0
ρ∗14D∗+(t) 0 0 ρ44

 ,
(18)
4where D±(t) = exp
[
i(ΩA±ΩB)−
∫ t
0 γd ph(s)ds
]
.
Entanglement within the two-qubit system can be calcu-
lated via concurrence [35], a well-known measure for mixed
two-qubit states. For our model this measure of entanglement
is given by
C (ρred(t)) = 2max
{
0,|ρ23||D(t)|−√ρ11ρ44,
|ρ14||D(t)|−√ρ22ρ33
}
, (19)
where |D(t)|= |D±(t)|. Concurrence varies between 0 (sepa-
rable states) and 1 (maximally entangled states). Clearly, due
to the dephasing dynamics, C typically decreases with time.
Moreover, as is apparent from (19), entanglement may disap-
pear entirely, even for a finite time (finite |D(t)|)—sometimes
referred to as sudden death [31].
On the reduced level, the loss of entanglement in a two-
qubit state due to a local dephasing channel has been studied
in many publications [31, 36, 37]. That loss is accompanied
by the build-up of correlations between the open quantum sys-
tem and its environment. In order to study whether initial en-
tanglement within the open two-qubit state just disappears or
whether it is transferred to entanglement between system and
environment (or to entanglement within the elements of the
environment), we need to determine the total state.
IV. TOTAL STATE DYNAMICS
The study of correlations between the system and the infi-
nite oscillator environment requires an expression for the total
state. For this purpose we use a coherent state basis for the
environmental degrees of freedom and choose a partial P rep-
resentation [20]. We here follow closely a similar analysis for
the dephasing of a single qubit presented in [8, 9]. The total
state is written as
ρtot(t) =
∫ d2z
pi
1
n¯
e−|z|
2/n¯
ˆP(t;z,z∗)⊗|z〉〈z|, (20)
where z = (z1,z2, ...) is a vector of complex numbers rep-
resenting environmental coherent state labels and we use
the notation d2z/pi = d2z1/pid2z2/pi ..., and exp[−|z|2/n¯] =
∏λ exp[−|zλ |2/n¯λ ]/n¯λ . Note that for t = 0, we have the ini-
tial ˆP(t = 0) = ρsys(0) = ρred(0) such that (20) represents the
factored state (14). It is only for t > 0 that P(t) becomes z-
dependent and thus, expression (20) represents a correlated
SE-state.
Expression (20) is a solution of the total von Neumann
equation. We find the time evolution of the partial P function
to be given by
ˆP(t;z,z∗) =


A+ρ11 0 0 B+ρ14
0 A+ρ22 B−ρ23 0
0 B∗−ρ∗23 A−ρ33 0
B∗+ρ∗14 0 0 A−ρ44

 ,
where A±(t) = exp[−α(t) ± {(a(t)|z) + (z|a(t))}] and
B±(t) = e−i(ΩA±ΩB)t exp[β (t)−{(b(t)|z)− (z|b(t))}]. Here
a(t) = (a1(t),a2(t), ...) and b(t) are complex time-dependent
vectors,
aλ (t) =
1
n¯λ
∫ t
0(gλ e
iωλ s)ds,
bλ (t) =
2n¯λ+1
n¯λ
∫ t
0(gλ e
iωλ s)ds, (21)
with the scalar product (a(t)|z)≡ ∑λ a∗λ (t)zλ and
α(t) = 2ℜ
∫ t
0
ds
∫ s
0
dτ
[
∑
λ
1
n¯λ
|gλ |2e−iωλ (s−τ)
]
,
β (t) = 2ℜ
∫ t
0
ds
∫ s
0
dτ
[
∑
λ
2n¯λ + 1
n¯λ
|gλ |2e−iωλ (s−τ)
]
.
A. System-environment separability
Expression (20) allows us to study correlations between
system and environment. In particular, it is clear that it is
a separable representation of the total state whenever ˆP is a
positive two-qubit matrix [8].
Separability criterion: As long as the partial P-function is
positive semidefinite, the total state ρtot(t) in representation
(20) is trivially separable. Being of X type, the eigenvalues
can be determined analytically. Initially, all eigenvalues are
positive and they remain positive as long as
S (t)≤ 1
2
ln
(ρ22ρ33
|ρ23|2
)
and S (t)≤ 1
2
ln
(ρ11ρ44
|ρ14|2
)
, (22)
where we have defined
S (T, t) := α(t)+β (t)
= 4
∫ t
0
ds
∫ s
0
dτ
∫
∞
0
dω
×J(ω)eh¯ω/kBT cos[ω(s− τ)]. (23)
Depending on the choice of the spectral density J(ω), Eq. (23)
can be written in terms of known special functions. Thus,
as long as (22) is satisfied (as a function of time and tem-
perature), the total state is separable and no SE entanglement
builds up, even though the initial two-qubit X state may well
lose its initial entanglement (see results later).
B. System-environment entanglement
The detection of entanglement between system and en-
vironment is very demanding since the underlying state is
infinite-dimensional and not of Gaussian type. We can use the
Peres criterion [25] to see that entanglement is there, surely,
if the partial transpose ρPTtot (t) of the total state has a negative
expectation value εPT = 〈Ψ|ρPTtot |Ψ〉 for some suitably chosen
total system state |Ψ〉.
We expand |Ψ〉 = ∫ d2zpi e−|z|2 |ψ(z∗)〉||z〉 in a Bargmann co-
herent state basis. Thus, in order to detect entanglement, we
5need to find a system state |ψ(z∗)〉 ∼ 〈z|Ψ(t)〉 analytical in z∗
in the Hilbert space of the two qubits such that
εPT ∼
∫ d2z
pi
e−
n¯+1
n¯ |z|2〈ψ(z)| ˆPT (z,z∗)|ψ(z∗)〉< 0. (24)
After some experimenting we choose
|ψ(t,z∗)〉=


r e−(z|a+b)/2+i(ΩA+ΩB)t/2
−se−(z|a+b)/2+i(ΩA−ΩB)t/2
−t e(z|a+b)/2−i(ΩA−ΩB)t/2
ue(z|a+b)/2−i(ΩA+ΩB)t/2

 . (25)
Here we found that for optimal entanglement detection, the
vector (r,s, t,u) needs to be determined as the pure state which
has the smallest overlap with the transpose of the initial state
of the two-qubit system.
Performing the integral over the coherent state labels zλ , we
find
εPT(t) =
1
n¯+ 1
[
e−α(t)+
¯S (t)
2 (ρ11|r|2 +ρ22|s|2 +ρ33|t|2
+ρ44|u|2)+ eβ (t)−
¯S (t)
2 (ρ23st∗+ρ∗23s∗t +ρ14ru∗
+ρ∗14r∗u)
]
, (26)
where ¯S (t) is defined similar to S (t) in (22), but with
exp(h¯ω/kT ) replaced by its inverse, exp(−h¯ω/kT ).
From (26) we conclude that SE entanglement is surely
present whenever the following condition is satisfied:
E (T, t) = S (T, t)− ¯S (T, t) (27)
> ln
[
−ρ11|r|
2 +ρ22|s|2 +ρ33|t|2 +ρ44|u|2
ρ23st∗+ρ∗23s∗t +ρ14ru∗+ρ∗14r∗u
]
.
The relevant quantity on the l.h.s. of (27) can be written in
terms of the spectral density as
E (T, t) = 8
∫ t
0
ds
∫ s
0
dτ
∫
∞
0
dω
×J(ω)sinh(h¯ω/kBT )cos[ω(s− τ)]. (28)
Thus, with (27) we found a criterion that allows us to detect
SE entanglement as a function of time and temperature of the
bath.
In the next section we will show the regions of SE sep-
arability and entanglement in the temperature-time diagram
(T, t), defined by conditions (22) for separability, and (27)
for entanglement. Let us already mention at this point that
these two conditions do not fill the whole (T, t) plane. There
will be (T, t) combinations where we cannot make any state-
ment about whether the total state is entangled or separable.
This is due to the fact that our criteria are sufficient, but not
necessary conditions. For entanglement on one hand, even
if our test state (25) were optimal, there may well be entan-
gled states with positive partial transpose (“bound entangled
states” [38]). For separability, on the other hand, there may
well be separable states with a negative partial ˆP representa-
tion.
V. NUMERICAL RESULTS FOR WERNER STATES
In this Section we present and discuss concrete results con-
cerning entanglement and separability of the total SE state.
Choosing an Ohmic spectral density with a cutoff frequency
ωc, with J(ω) = κωΘ(ω − ωc), where κ is the coupling
strength between system and environment, we can construct
diagrams of separability and entanglement for different initial
states and coupling strengths (varying κ).
Furthermore, we want to compare the time for the decay
of initial entanglement and the time for the build-up of SE
entanglement with the typical decoherence time of the open
two-qubit system. The latter time, τdec, we define through the
relation
∫ τdec
0 γd phds = 1, which defines the time scale of the
decay of the off-diagonal elements of the reduced operator in
Eq. (18).
As initial two-qubit X-states we choose Werner states.
These are a family of states that depend on a single purity
parameter c, and are given by ρW = (1−c)4 1AB + c|φ−〉〈φ−|,
where 1AB is the identity matrix in the Hilbert space of the
two qubits and the Bell state |φ−〉 = (|01〉− |10〉)/√2, with
c ∈ [0,1]. This state is entangled if c > 1/3.
For this specific state the condition for separability, from
Eq. (22), is
S (T, t)≤ ln
[
1+ c
2c
]
, (29)
and for entanglement, from Eq. (27), is
E (T, t)> ln
[
1+ c
2c
]
. (30)
The pure state that has the smallest overlap with the transpose
of the two-qubit system initial state is
(r,s, t,u) =
(
0, 1√
2
,
1√
2
,0
)
. (31)
In the following we discuss weak SE interaction first (κ =
10−3), followed by strong coupling (κ = 1). In both cases we
choose three different initial two-qubit states: c = 0.2 (no ini-
tial two-qubit entanglement, low purity), c = 0.5 (some initial
entanglement, medium purity), and c = 0.9 (large initial en-
tanglement, fairly pure). In all cases we see an initial phase
where the total state remains separable. For very low temper-
atures this phase is hardly visible and SE entanglement builds
up quickly. We also display the loss of initial two-qubit en-
tanglement and initial two-qubit coherence that is observed
in all cases. Numerical results are presented in temperature-
time (T, t) diagrams following the notation: red (black gray)
color when the entanglement condition [Eq. (30)] is satisfied
and blue (light gray) color when the separability condition
[Eq. (29)] is satisfied.
A. Weak coupling (κ = 10−3)
We start with an initial Werner state with parameter c =
0.2. There is never any entanglement between the two qubits,
6but we observe from Fig. 2 that for low temperatures, due to
SE interaction, entanglement between the two-qubit system
and environment builds up [red (dark gray) region]. There is
a clearly visible boundary at a critical temperature kBTcrit ≈
0.13h¯ωc, above which the total SE state remains separable for
all times displayed in the figure [blue (light gray) region].
Interestingly, in the vicinity of the critical temperature, we
see oscillations as a function of time between entangled and
separable regions. To better understand the appearance of the
critical temperature and the oscillations, let us note that for
our choice of spectral density we can perform the integrals in
Eq. (27). In this way we obtain
E (T, t) = 8κShi
[
h¯ωc
kBT
]
− 4κ i
{
Si
[
ωc
(
t− ih¯kBT
)]
− Si
[
ωc
(
t +
ih¯
kBT
)]}
(32)
≈ 8κShi
[
h¯ωc
kBT
]
− 2κ(ωct)
(ωct)2 +(
h¯ωc
kBT )
2
e
h¯ωc
kBT sin(ωct),
(as t → ∞).
Here, Si[x] is the sine integral and Shi[x] is hyperbolic sine in-
tegral. The first term on the r.h.s. is time independent, and al-
lows us to determine the critical temperature. The other terms
are time dependent, and are responsible for the oscillations
observed in Fig. 2. These oscillations tend to zero as 1/t, as
can be seen from the long time behavior displayed in Eq. (32).
Looking at the entanglement criterion for Werner
states (30), the critical temperature is determined from
8κ Shi
[
h¯ωc
kBTcrit
]
= ln
[
1+ c
2c
]
, (33)
which gives a numerical value of kBTcrit ≈ 0.1345h¯ωc (see
Fig. 2). This expression shows the dependence of the criti-
cal temperature on the initial two-qubit state.
In Fig. 3 we analyze the case when the two qubits are ini-
tially entangled [c = 0.5 in Fig. 3 (a) and c = 0.9 in Fig. 3
(b)]. Again, we see SE entanglement building up for very
low temperature, and observe a separable total state for larger
temperatures and all times displayed in the figures. The black
full line indicates, for a given temperature, the time of com-
plete loss of two-qubit entanglement (sudden death). Accord-
ingly, the black dashed line indicates the decoherence time
scale of the two-qubit state. The critical temperatures for
SE-entanglement are (a) kBTcrit ≈ 0.16h¯ωc and (b) kBTcrit ≈
0.29h¯ωc, which means that the total SE state remains sepa-
rable (besides the small oscillations) for all displayed times
and T > Tcrit.
Interestingly, our results show that the loss of entanglement
between the two qubits does not have a direct relation with
the build-up of SE-entanglement. Unless the temperature is
extremely low, we see that the decay of entanglement (and
also decoherence) in the system happens while the SE bipar-
tition is still in a separable state. While for the highly entan-
gled, rather pure state (c = 0.9) the decoherence time scale is
shorter than the time for sudden death, this situation reverses
for a less entangled initial state (c = 0.5).
FIG. 2. (Color online) Temperature-time diagram. Red (dark gray)
region: entangled SE state, blue (light gray) region: separable SE
state. Parameters are κ = 10−3 (weak coupling) and c = 0.2 (no ini-
tial entanglement between the two qubits). Remarkably, for kBTcrit ≈
0.13h¯ωc, the total state oscillates as a function of time between sep-
arable and entangled regions.
B. Strong coupling (κ = 1)
Here we choose the same three Werner initial states as be-
fore. The most significant difference to the weak coupling
case is that our criteria for separability and entanglement no
longer cover the whole temperature-time diagram. We ob-
serve the appearance of a white region, where the separa-
bility and entanglement conditions are not sufficient to de-
cide whether the system is entangled with the environment
or whether the total state is still separable.
For the initial Werner state with parameter c = 0.2 (no en-
tanglement between the qubits), we can see in Fig. 4 that our
criteria for entanglement and separability have the same bor-
der line for short times (ωct . 0.5). For times ωct & 0.5 a gap
between the separability and entanglement conditions appear,
as mentioned above. Even without any entanglement between
the qubits, due to SE interaction and the coherences of the
coupled qubit, entanglement between two-qubit system and
environment builds up.
In a more interesting scenario, in Fig. 5 we show the initial
Werner states with parameters (a) c = 0.5 and (b) c = 0.9. In
these cases we have initial entanglement between the qubits,
until entanglement sudden death (black full line). As in the
case of weak coupling, looking at the figures it is clear that
the build-up of SE entanglement does not have any relation
with the sudden death of entanglement within the two-qubit
states.
For low temperatures, for example, there is still entangle-
ment between the qubits, while the SE is first separable and
then entangled. For larger temperatures we can see entangle-
ment sudden death, when SE is still separable, and becomes
entangled after some time.
In the context of strong coupling we are also able to calcu-
late the critical temperatures from Eq. (32). These tempera-
7FIG. 3. (Color online) Temperature-time diagram. Red (dark gray)
region: entangled SE state, blue (light gray) region: separable SE
state. The black dashed line indicates the decoherence time scale and
the black full line the two-qubit sudden death. While below the black
full line the two-qubit system has some amount of entanglement,
above this line the entanglement vanishes. Parameters are κ = 10−3
(weak coupling) and (a) c = 0.5 and (b) c= 0.9 for kBTcrit ≈ 0.16h¯ωc
in (a) and for kBTcrit ≈ 0.29h¯ωc in (b), the total state oscillates as a
function of time between separable and entangled regions.
tures are kBTcrit ≈ 7.29h¯ωc for c = 0.2, kBTcrit ≈ 19.7h¯ωc for
c = 0.5 and kBTcrit ≈ 148h¯ωc for c = 0.9, and lie outside the
temperature ranges displayed in the figures.
C. Decay of concurrence
We point out that oscillations in time between entangled
and separable total state, as observed in Fig. 2 for T ≈ Tcrit,
are reflected to some extent in an oscillatory decay of concur-
rence in the two-qubit state. However, care has to be taken
since the same type of oscillations in the concurrence decay
are visible in regions of SE entanglement, or as SE separabil-
ity, respectively.
In Fig. 6 an example of this oscillatory behavior is shown.
For an initial Werner state with c= 0.5 and weak coupling, we
see this oscillatory decay of concurrence (19) due to the cou-
FIG. 4. (Color online) Temperature-time diagram. Red (dark gray)
region: entangled SE state, blue (light gray) region: separable SE
state. Parameters are κ = 1 (strong coupling) and c = 0.2 (no ini-
tial entanglement between the two qubits). The black dashed line
indicates the decoherence time scale
pling of qubit A with the environment. While the dashed curve
corresponds to oscillations between entangled and separable
total state, the full and dotted curves correspond to entangled
and separable SE states, respectively. This behavior is more
accentuated for small temperatures, and becomes smooth for
larger temperatures.
VI. OTHER BIPARTITIONS
So far we focused on SE entanglement and its relation to
the loss of entanglement within the initial system (ρAB) state.
Other authors have studied entanglement in reduced biparti-
tions [14–16] for a pure environmental initial state and found
no bipartite entanglement in any of the states ρAE =trB{ρABE}
or ρBE =trA{ρABE}. These findings also hold in our case,
where a thermal environmental initial state is used.
Tracing over the spectator qubit B, ρAE =trB{ρABE}, there
is never any entanglement between A and the A-environment.
This is because we have chosen X-states whose reduced A-
state is a diagonal mixture in the dephasing basis and initial
separability is preserved.
Tracing over qubit A, the state ρBE =trA{ρABE} will never
develop any entanglement between B and the A-environment.
Again this is due to the fact that there is no initial entangle-
ment and B is the spectator-qubit.
In [15, 16] the authors investigate tangle for the three-qubit
ABE-state, showing GHZ-type three-qubit entanglement. Let
us stress, however, that for a mixed environmental initial state
the three-qubit picture ceases to hold and statements about
multipartite entanglement are difficult to obtain. Neverthe-
less, we see in Fig. 5 that for long enough times there is en-
tanglement between the two qubits and environment, while all
three bipartite states ρAB,ρAE ,ρBE , are separable, pointing at
genuine three partite entanglement.
In [14], the authors couple a system of two qubits (X-
8FIG. 5. (Color online) Temperature-time diagram. Red (dark gray)
region: entangled SE state, blue (light gray) region: separable SE
state. The black dashed line indicates the decoherence time scale
and the black full line the two-qubit sudden death. While below
the black full line the two-qubit system has some amount of entan-
glement, above this line the entanglement vanishes. Parameters are
κ = 1 (strong coupling) and (a) c = 0.5 and (b) c = 0.9.
state initially entangled) to two independent environments
(ρABEAEB ), which they assume to be qubits. By looking at the
dynamics of correlations for different bipartitions, they show
that there does not exist any relation between the build-up of
SE correlation and the decay of entanglement in the main sys-
tem. However, they do not study the partition AB−E , where
we find the build-up of SE (quantum) correlations.
In the present work and others discussed above [14–16],
the main message is that apparently there is no simple relation
between the loss of entanglement within the system and the
build-up of entanglement with the environment. We cannot
identify a transfer of entanglement from the system to the SE
partition.
Can the lost entanglement of the system be found within
the environment? The answer is no, as can be easily checked
in our model.
Tracing over the qubits we find the P-representation of the
environmental state
FIG. 6. Concurrence for weak coupling (κ = 10−3), with c= 0.5 and
kBT = 0.1h¯ωc (black full line), kBT = 0.2h¯ωc (black dashed line)
and kBT = 0.3h¯ωc (black dotted line). We can see oscillations of
concurrence which gets smoothed out with increase of temperature.
ρE = Trsys[ρtot(t)] =
∫ d2z
pi
1
n¯
e−|z|
2/n¯
ˆPE(t;z,z∗)|z〉〈z|,
with the positive
ˆPE(t;z,z∗) =
[
A+(ρ11 +ρ22)+A−(ρ33 +ρ44)
]
> 0.
From the positivity of ˆPE(t;z,z∗) we can conclude that any
multimode reduced state of the environment is a classical mix-
ture of coherent states and thus separable. In particular, any
bipartite state of any two modes λ1,λ2 picked from the envi-
ronment, is separable. To conclude, there is never any build-
up of entanglement between the modes of the environment, in-
dicating that indeed the entanglement between the qubits may
completely disappear.
VII. CONCLUSIONS
The understanding of system-environment correlations is
fundamental for preserving quantum information. In this
work we investigate the dynamics of quantum correlations
(entanglement) and study how they are redistributed (or not)
among distinct partitions.
Any investigation of system-environment correlation starts
with the choice of the full system-environment model. There-
fore, we first discuss the issue of dilating qubit dephasing,
highlighting physically different models which lead to the
same dephasing dynamics on the reduced level.
Here, we use a realistic, finite temperature, infinite degrees
of freedom environment. We investigate the entanglement dy-
namics of a two-qubit system coupled to a bath of harmonic
oscillators. Using a partial P-representation we analyzed the
exact total state of an appropriate dephasing model. We de-
rive conditions that enable us, for a large range of parameters,
9to detect whether the two-qubit–environment state is separa-
ble or entangled. Different coupling strengths and two-qubit
initial states are considered.
The total system displays an interesting behavior when we
look at the entanglement relation between the parts. Entangle-
ment between the two-qubit system AB and the environment
E will appear for low enough temperatures. For temperatures
above a critical temperature, the total state remains separable.
For most temperatures, and during relevant times for decoher-
ence and loss of entanglement in the two-qubit state, the total
state remains separable. Additionally, we show that the modes
of the environment never get entangled. Therefore, for most
parameters, the initial entanglement between the two qubits
vanishes without any build-up of entanglement in any other
bipartition. At very low temperatures we detect conditions
where the total state oscillates between separable and entan-
gled domains as a function of time. Remarkably, these oscil-
lations can also be seen in the time evolution of the entangle-
ment between the two qubits.
The investigation of SE separability and entanglement for
the highly nontrivial total state, rests on a partial P represen-
tation. For entanglement detection we have to guess a good
test state. This approach leads to “white” regions in the (T, t)
diagram, where we cannot make any statement about whether
the total state is entangled or separable. Moreover, our ap-
proach allows one to detect SE entanglement, but we do not
quantify it. Consequently, do not look at monogamy relations
in the tripartite ABE system. A search for a way to estimate
the amount of entanglement and verify these relations is still
an open issue.
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